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We present an ab initio approach for evaluating a free energy profile along a reaction coordinate by combining
logarithmic mean force dynamics (LogMFD) and first-principles molecular dynamics. The mean force, which
is the derivative of the free energy with respect to the reaction coordinate, is estimated using density functional
theory (DFT) in the present approach, which is expected to provide an accurate free energy profile along
the reaction coordinate. We apply this new method, first-principles LogMFD (FP-LogMFD), to a glycine
dipeptide molecule and reconstruct one- and two-dimensional free energy profiles in the framework of DFT.
The resultant free energy profile is compared with that obtained by the thermodynamic integration method
and by the previous LogMFD calculation using an empirical force-field, showing that FP-LogMFD is a
promising method to calculate free energy without empirical force-fields.
Keywords: mean force dynamics, free energy, logarithmic energy potential, glycine dipeptide, 2-
(Acetylamino)-N-methylacetamide
I. INTRODUCTION
Free energy is a significant physical property for es-
timating thermodynamic stability. It is desirable to es-
timate free energy as accurately as possible. Such free
energy estimation is becoming important in a variety of
research fields; in particular, biological molecules includ-
ing proteins or interfaces of nano-scale materials have
been raised as a target for free energy calculations1–3. It
is thus desirable to develop methods that improve the
accuracy and efficiency in free energy calculations using
molecular simulation. The free energy in molecular sys-
tems has often been evaluated for a given constraint (re-
action pass).4 Such a constraint is usually specified by us-
ing a set of reaction coordinates,5 for example, distances
between molecules, bond angles, and dihedral angles, etc.
In order to get free energy landscapes, various tech-
niques [thermodynamic integration (TI)6, free energy
perturbation,7 umbrella sampling,8 and so on] have been
developed so far. Although TI is derived from the sta-
tistical mechanics faithfully, some difficulties have been
pointed out; poor sampling which could come from a
breakdown of the ergodicity and numerical integration
as postprocessing.
To overcome these difficulties, free energy calculation
methods based on mean force dynamics (MFD) have
been proposed.9,10 In MFD, a set of L reaction coor-
dinates (collective variables), X ≡ {X1, X2, · · · , XL}, is
regarded as a set of fictitious dynamical variables, and
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their trajectories are designed to be generated by hypo-
thetical dynamical equations. Morishita et al.11,12 have
recently introduced a logarithmic form of the free energy
along X [F (X)] to enable us to easily sample rare events
in MFD calculations. This method is called logarithmic
mean force dynamics (LogMFD), in which the free energy
can be estimated on-the-fly.
The evaluation of mean force (MF), i.e., slope of F (X)
with respect to X, in such a method based on MFD can
be improved by incorporating first-principles (FP) molec-
ular dynamics (MD),13 replacing the classical MD using
empirical force fields. FPMD allows us to include ef-
fects of the electronic state explicitly; for example, bond-
formation or bond-breaking, which may considerably in-
fluence the free energy profiles in molecular systems.
In this paper, we have developed first-principles MFD
in the framework of LogMFD, namely, first-principles
LogMFD (FP-LogMFD). We reconstruct the free en-
ergy landscape for a molecular system of glycine dipep-
tide using FP-LogMFD. This demonstration indicates
that FPMD can be incorporated into LogMFD of multi-
dimensional X-systems and that the scheme developed
here is found to be promising for the free energy re-
construction using ab initio techniques. The successful
combination of LogMFD and FPMD is indebted to the
efficiency for sampling rare events in LogMFD. The loga-
rithmic form introduced in LogMFD suppresses the effec-
tive energy barriers for the dynamical variables X. This
makes it possible to sample configurations with higher
energy, as frequently as those with much lower energy.
This feature also makes it possible to improve the accu-
racy of the MF by increasing the number of statistical
samples (FPMD steps).
In the next section, we review the LogMFD method
An ab initio approach to free-energy reconstruction 2
briefly and demonstrate how to incorporate FPMD into
LogMFD. In Sec. III, we present the free energy profile
with respect to the dihedral angles in glycine dipeptide
molecule. In Sec. IV, we will discuss the entropic con-
tribution and numerical accuracy in the present results
by comparing it with the classical MD result previously
obtained using an empirical force field. Finally, Sec. V
summarizes this paper.
II. METHODS
A. Equations of mean force dynamics
We present a brief review for LogMFD. This review
would be a good introduction to our new scheme which
employs a non-empirical approach. We consider a sys-
tem of N atoms with a given temperature Text, and aim
to reconstruct the free energy profile F (X) with respect
to X. Each reaction coordinate Xp({RI}) is generally a
function of the atomic coordinates {RI}, where p and I
specify the p’th reaction coordinate and the I’th atom,
respectively. In MFD, however, X are regarded as dy-
namical variables, being independent of {RI}. We now
consider the following postulated Hamiltonian for X;
HMFD =
L∑
p
1
2
MpX˙
2
p + F (X), (1)
where the first and second terms on the right-hand-side
are the kinetic and potential energies, respectively, forXp
(X˙p means the velocity dXp/dt) and Mp is the fictitious
mass for Xp. The equation of motion for Xp is thus
obtained as,
MpX¨p = −
∂F (X)
∂Xp
, (2)
where −∂F (X)/∂Xp is the MF. The solution for this
equation of motion fulfills the conservation law, i.e.,
HMFD can be seen as a constant of motion, as long as
the MF is accurately evaluated.
Several methods based on MFD have been proposed
thus far, which provide us free energy profiles with re-
spect to reaction coordinates and allow us to discuss
many kinds of physics involving the reaction coordinates.
Metadynamics10 has been introduced utilizing the con-
cept of MFD, and has been applied to a variety of sys-
tems including biosystems to sample rare events and to
reconstruct free energy profiles. Morishita et al.11,12 have
proposed LogMFD in which F (X) in Eq. (1) is replaced
with a logarithmic form of F (X), and have demonstrated
several improvements in the free energy calculation.
In LogMFD, the following Hamiltonian is introduced
instead of Eq. (1);
HLogMFD =
L∑
p
1
2
MpX˙
2
p + γlog{αF (X) + 1}, (3)
where γ and α are positive constant parameters, which
are chosen to effectively reduce the energy barriers expe-
rienced by X. The resultant equation of motion for Xp
is given as,
MpX¨p = −
(
αγ
αF (X) + 1
)
∂F (X)
∂Xp
. (4)
In practice, X can be thermostatted in LogMFD calcu-
lations, and the equation of motion is slightly modified
as follows;
MpX¨p = −
(
αγ
αF (X) + 1
)
∂F (X)
∂Xp
−MpX˙pη˙, (5)
Qηη¨ =
∑
p
MpX˙
2
p − LkBTX , (6)
where η is the thermostat variable which controls the
temperature of X (TX), Qη is the mass for η, and kB
is Boltzmann’s constant. With a single Nose´-Hoover
thermostat14,15 as in Eqs. (5) and (6), the following
pseudo Hamiltonian is a constant of motion instead of
HLogMFD;
11,12
HˆLogMFD =
L∑
p
1
2
MpX˙
2
p + γlog{αF (X) + 1}
+
1
2
Qηη˙
2 + LkBTXη. (7)
Note that TX is not necessarily the same as the temper-
ature for atoms, Text. The heights of the energy barriers
on γ log{αF (X)+1} are much lower than those on F (X).
This reduction of the barrier height enables the coordi-
nate Xp to easily cross the barriers at a moderate tem-
perature of TX , allowing us to evaluate the free energy
associated with rare events.
∂F (X)/∂Xp is obtained as an ensemble average and,
practically, can be estimated as a time-averaged quantity
from a thermostatted MD or Monte Carlo (MC) simula-
tion at a given temperature Text with a given potential
Φ for the N -atom system and a set of fixed reaction co-
ordinates X;
∂F (X)
∂Xp
=
1
Z
∫
dR
[
∂Φ(R)
∂Xp
]
X
e−Φ(R)/kBText
≃
1
τ
∫ τ
0
dt
[
∂Φ(R(t))
∂Xp
]
X
, (8)
where
Z =
∫
dRe−Φ(R)/kBText . (9)
Here, τ is the simulation time period, and the [ ]X rep-
resents the ensemble average under the set of constraints.
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In the MF estimation, it is expected that the canonical
MD or MC simulation provides the canonical distribution
under the constraint on X. The MF is, in our approach,
evaluated using thermostatted FPMD. The potential en-
ergy Φ(R) and the details of the MF evaluation will be
discussed later on.
We need to know F (X) to calculate the force on Xp in
Eq. (5), however, F (X) itself is the quantity we want to
obtain. This problem can be solved using the conserved
quantity, HLogMFD or HˆLogMFD [Eq. (3) or (7)]. Using
this conservation law, F (X) can be directly evaluated
with HˆLogMFD (when we employ a single Nose´-Hoover
thermostat) whose value needs to be set at the beginning
of the LogMFD run;11,12
F (X) =
1
α
[
exp
{
1
γ
(
HˆLogMFD −
L∑
p
1
2
MpX˙
2
p
−
1
2
Qηη˙
2 − LkBTXη
)}
− 1
]
. (10)
It is required that F (X) > 0 at any X to enhance the
sampling in the X subspace. This requirement can be ac-
tually fulfilled by using appropriate values for HˆLogMFD;
HˆLogMFD should be larger than the sum of the initial ki-
netic energy forX and the initial terms for η. See Ref. 12
for details. Equation (10) indicates that the F (X) is suc-
cessively obtained along the dynamics of {Xp}, namely,
“on-the-fly”.This means that we need not perform any
postprocessing unlike in TI, which overcomes some draw-
backs of the TI method. In TI, we need to decompose the
X subspace into many bins with a finite width, implying
a possible missing of remarkable characters in the free
energy due to a discretized mesh. In contrast, LogMFD
provides F (X) with much higher resolution than TI, since
LogMFD generates almost continuousX-trajectories and
the F (X) trajectories (this will be illustrated in Fig. 6).
Summarizing LogMFD, it allows us to sample higher
energy states efficiently and to evaluate the free energy
at the local point of reaction coordinates without any
postprocessing. The flow chart of the LogMFD method
is displayed in Fig. 1. To update {Xp}, the most im-
portant quantity is the MF, which is evaluated using
thermostatted FPMD in our approach. Details of our
FPMD approach are presented in the next subsection;
Car-Parrinello molecular dynamics (CP-FPMD)13 with
double Nose´-Hoover thermostats.16,17
B. First-principles mean force
In MFD methods, the MF needs to be estimated as
accurately as possible at the temperature Text. The MF
from first-principles could improve the accuracy of the
free energy profiles. We now address two technical issues
associated with the evaluation of the MF in our approach.
Firstly, the constraint on X during the FPMD run is dis-
cussed. In order to impose a constraint on atomic coor-
dinates, one may employ the SHAKE method in which
FIG. 1. Flow chart of first-principles LogMFD.
a holonomic constraint is realized,18 although complex
equations should be solved for the Lagrange multiplier.
Alternatively, the harmonic potential method can also be
utilized, allowing us to use Eq. (8) without any correc-
tion terms. In this work, we chose the latter method.
Secondly, to keep a given temperature for the system
and to generate the canonical distribution for the atomic
trajectories, we employ thermostats.
Newly developed thermostats,19 as well as the origi-
nal thermostat,14,15 can also be used in conjunction with
FPMD in which the Born-Oppenheimer(BO) surface is
strictly searched in the time evolution20 or CP-FPMD.13
In our FPMD approach, the following energy is con-
sidered:
Etot = EBP + Ehp, (11)
Ehp =
∑
p
1
2
kp(X˜p({RI})−Xp)
2, (12)
EBP =
∑
i
mϕ〈ϕ˙i|ϕ˙i〉+
1
2
∑
I
MIR˙
2
I
+
1
2
Qex˙
2
e + 2E
0
kinxe
+
1
2
QRx˙
2
R + gkBTxR
+Efp[{ϕi}, {RI}], (13)
where EBP and Ehp are the energy in the Blo¨chl-
Parrinello(BP) method16 and the harmonic potentials for
the constraint, respectively, and Efp represents the po-
tential energy in the system of electrons and ions (see Eq.
(5) in Ref. 16). xR (xe) is the dynamical variable for the
thermostat and QR (Qe) is the corresponding mass for
xR (xe). g is the number of ionic degrees of freedom. The
quantity X˜p({RI}) in Eq. (12) is constructed from the
current atomic coordinates, which is tightly constrained
to Xp according to Ehp [Eq. (12)]. To this end, the
constant kp is chosen to be a large value. The atomic
forces come from the contributions of Efp, the thermo-
stat, and the constraint Ehp. These contributions result
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in the following equation of motion for RI ;
MIR¨I = F
fp
I −MIR˙I x˙R
−
∑
p
kp(X˜p({RI})−Xp)
∂X˜p({RI})
∂RI
. (14)
The equations of motion for the wavefunction (ϕi) and
the heat baths (xe and xR) are not changed from the orig-
inal BP method by introducing the constraint, implying
a less effort for converting a conventional computational
code to the present one.
According to Eq. (8), the first-principles mean force is
obtained as a time average of −∂Etot/∂Xp:
−
∂F (X)
∂Xp
∼ kp〈X˜p({RI})−Xp〉, (15)
where 〈 〉 represents a canonical ensemble or a time
average. This formula is general as far as the atomic
configuration samples the canonical distribution under
the required constraint. This implies that the relation of
Eq. (15) is also useful in the TI method, as explained
in Appendix A. In order to show an achievement of the
constraint and the temperature control, we present typ-
ical time evolution of the reaction coordinate Xp in the
next section.
In CP-FPMD, the fictitious kinetic energy of the wave
function, namely, the first term in Eq. (13), should fol-
low the dynamics of {RI} as quickly as possible.
16 To
this end, it is important to find an appropriate E0kin. For
a given atomic configuration, (i) we start a CP-FPMD
run with the system exactly on the BO surface. (We
converge the electronic state to the BO surface before-
hand.) Then (ii) we perform the CP-FPMD run for a
few tens of MD steps without the heat baths (may be
better, without the constraint). During this period, the
system slightly leaves the exact BO surface. (iii) If the
temperature of the system reaches Tst within the given
period, then we set the value of the kinetic energy of the
wave functions at the moment as E0kin. Due to a prac-
tical reason for stabilizing the simulation, Tst is taken
as ∼ 0.85Text. (iv) When the system does not reach
an appropriate temperature, we introduce a new atomic
configuration by distorting the previous atomic config-
uration. We restart the process from (i). After setting
E0kin, we switch on the thermostats in the BP method ac-
companied with the constraint of Eq. (12). The rest of
the FPMD steps are used for the MF evaluation of Eq.
(15). In the computation mentioned above, the initial
atomic configurations for each of the series of the CP-
FPMD runs were taken from the atomic configuration in
the CP-FPMD runs previously done. We will detail the
procedure to perform FP-LogMFD calculations, includ-
ing parameter settings, in the next section.
FIG. 2. Atomic structure of the glycine dipeptide molecule
with atomic specification. Two dihedral angles, φ and ψ, are
formed by the atomic series C(2)-N(1)-C(3)-C(4) and N(1)-
C(3)-C(4)-N(2), respectively. The figure displays the atomic
configuration with (φ, ψ) = (180◦, 180◦) .
III. NUMERICAL DEMONSTRATION
A. Molecular configuration
To illustrate our ab initio approach to free en-
ergy reconstruction, we consider the free energy pro-
file of glycine dipeptide molecule [2-(Acetylamino)-N-
methylacetamide] in vacuum, as shown in Fig. 2. The
atoms are specified by the symbol with numbering of
C(1), C(2), · · · , O(1), O(2), .. etc.. from the left-
hand-side of the figure. The two dihedral angles are la-
beled as φ and ψ, which are formed by the atomic series
C(2)-N(1)-C(3)-C(4) and N(1)-C(3)-C(4)-N(2), respec-
tively. In other words, these angles are formed by the
plane of N(1)-C(3)-C(4) and the plane associated with
the peptide bond (-OCNH-). In nature, the latter plane
in proteins has usually observed as the trans-form rather
than as the cis-form.21 Actually, in our calculation, the
cis-form of the right-hand-side of the peptide bonds in
Fig. 2 is higher in energy by 2.1 kcal/mol than the form
presented in Fig. 2.
In this section, we demonstrate the application of FP-
LogMFD to the glycine dipeptide molecule. We have ob-
tained the free energy landscape F (φ, ψ) with respect to
the dihedral angles φ and ψ at room temperature 300 K
(= Text). First, FP-LogMFD with the fixed dihedral an-
gle φ was performed to set the parameters required and
to obtain the one-dimensional free energy profile along
ψ. Then, the FP-LogMFD runs in the φ-ψ space were
performed, revealing the details of the two-dimensional
free energy landscape. We have also performed TI cal-
culation to reconstruct the one-dimensional free energy
profile, which is compared to the FP-LogMFD result for
benchmarking.
B. Parameter setting
For the CP-FPMD runs, we have used the plane wave
basis set and density functional theory with the gen-
eralized gradient approximation(GGA).22,23 The energy
cutoffs of 25 and 250 Ry are taken for electronic wave
function and charge density, respectively.24 The ultra-
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FIG. 3. Time evolution of the instantaneous temperature
(green full curve, left scale) and the kinetic energy of the
wave functions (red dashed curve, right scale) in the FPMD
run at Text = 300 K with the constraints φ = −80.0
◦ and
ψ = −76.8◦. The horizontal line indicates the values of
Text and E
0
kin. The arrow indicates the time step at which
the constraint on the dihedral angles and the temperature
control is turned on.
soft pseudopotentials are used.25 The Γ-point sampling
is adopted for the molecular system placed in a cubic box
with the dimension of 20 a.u.(10.58 A˚). For the canonical
FPMD simulation in the framework of the BP method,
the time step is set to 10 a.u. (∼ 0.24 fs). This is a typ-
ical value for the CP method.13 The parameters for QR,
Qe, and mϕ are set to 5×10
5 a.u., 5×103 a.u.,26 and 200
a.u.,27 respectively. E0kin in Eq. (13) is automatically de-
termined by the anzatz described before (see Sec. II B).
Figure 3 presents the time evolution of the kinetic energy
of the wave functions and the instantaneous temperature
of the molecular system (proportional to the kinetic en-
ergy of atoms). In the present calculations, E0kin was set
to be 0.0049 a.u.
In this demonstration, the following harmonic poten-
tials are employed to constraint φ˜ and ψ˜;
Ehp =
1
2
kφ(φ˜({RI})− φ)
2 +
1
2
kψ(ψ˜({RI})− ψ)
2,(16)
where φ and ψ are the target dihedral angles [Xp in Eq.
(12)] and φ˜ and ψ˜ are the temporal ones determined
from the instantaneous molecular configuration [X˜p in
Eq. (12)]. Both of kφ and kψ are taken to be 2.4 a.u./rad
2
(0.46 kcal/mol/deg2). Figure 4 shows typical time evolu-
tion of φ˜ and ψ˜ with (φ, ψ) = (−80.0◦,−76.8◦). This fig-
ure indicates that the temporal φ˜ and ψ˜ fluctuate around
the respective given value, implying the constraint to be
imposed correctly.
The time evolution of the temporal force is pre-
sented in Fig. 5. Averaging over 500 steps (from the
21th step to 520th step), the mean forces acting on
φ and ψ were estimated to be −0.06863 and 0.02220
(kcal/mol)/deg, respectively (the fluctuations are limited
to ±0.87 (kcal/mol)/deg ). The accuracy of the MF
strongly depends on the number of MD steps, defined as
-84
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FIG. 4. Time evolution of the instantaneous dihedral angles,
(a) φ˜ and (b) ψ˜, in the FPMD run with the constraints, φ =
−80.0◦ and ψ = −76.8◦ (horizontal lines).
NBP. In fact, we found that the decrease of NBP (from
500 steps to 300 steps) deteriorated the MF, and the re-
sultant free energy profile became much worse, compared
to those by NBP = 500. NBP was thus set to 500 steps
in the present study.
Evaluation of the MF is also needed in the TI method.
The MF at each of the grid points in the TI calculation
was obtained by averaging the instantaneous forces from
a set of many FPMD runs with Eqs. (11) and (12). The
successive simulation started with random atomic dis-
tortions from the previous atomic configuration. In the
present study, we have performed 120 FPMD runs, each
consisting of 600 FPMD steps, i.e., 72,000 FPMD steps
in total for each grid point of the reaction coordinate.
60,000 FPMD steps out of the 72,000 steps were devoted
to estimation of the MF at a single grid point.
For a set of given coordinates (φ, ψ), as shown in Fig. 1,
−∂F/∂φ and −∂F/∂ψ were estimated for the hypotheti-
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cal dynamics given by Eqs. (5) and (6) with TX = 300 K
in FP-LogMFD. A single Nose´-Hoover thermostat14,15,19
was used. In the FP-LogMFD runs, the variables of φ,
ψ, and η were updated using a time step of 1 τ , with
the masses of Mφ(ψ) = 1.7 × 10
4 (kcal/mol)/(deg/τ2)
and Qη = LkBTXτ
2
η with τη = 50 τ , where τ represents
the time unit. [the time unit can, in fact, be arbitrarily
chosen, e.g., τ=1 fs, since the dynamics of φ has noth-
ing to do with the resultant F (φ).] The parameters of
α and γ, which determines the degree of the effective re-
duction of the free energy barriers, were taken as α = 3
(kcal/mol)−1 and γ = 1/α, with this value of γ corre-
sponding to 170 K. After solving Eqs. (5) and (6), the
conversion to F (φ, ψ) was performed using Eq. (10) with
HˆLogMFD = 1 kcal/mol. HˆLogMFD should be set to en-
sure αFmin(φ, ψ) + 1 > 0, where Fmin is the minimum of
the free energy. Note however that there is, in principle,
no upper limit for the value of HˆLogMFD.
12
The validity of the LogMFD results mainly depends
on the accuracy of the MF, which influences the conser-
vation of HˆLogMFD [Eq. (7)]. As was already mentioned,
the quality of the MF can be controlled by NBP and the
mass parameter Mφ(ψ).
12 The increase of Mφ(ψ), which
reduces (suppresses) the velocity of the dynamical vari-
ables, results in a more accurate profile for the MF, and
thus, the free energy profile. We found, by decreasing
the Mφ(ψ) by the factor ten, that the difference between
the LogMFD and TI results becomes 0.22 kcal/mol from
0.18 kcal/mol on average. In the present system, the pe-
riodicity with respect to φ and ψ can be available for
checking the accuracy of simulations.
C. One dimensional profile
For demonstrating the free energy evaluation using FP-
LogMFD, we performed FP-LogMFD simulations for the
dynamical variable ψ while keeping φ to be −80◦. In
Fig. 6(a), the MF profiles from the LogMFD and TI
calculations are presented, showing the LogMFD result
is in good agreement with the TI result. Figure 6(a)
also shows that there are regions where the MF dras-
tically varies in a narrow range, e.g., ψ = −115◦ ∼
−57.3◦. In Fig. 6(b), the magnified profile in the range
of −78.5◦ ≤ ψ ≤ −74.9◦ indicates that, although the
data by LogMFD shows a vibrational behavior, the MF
averaged over 10 MFD steps varies smoothly. This be-
havior of the MF in LogMFD is remarkable when the
profile exhibits a rapid variation. As shown in Fig. 6(b),
a set of uniformly sparse grid points is only used in the
TI method due to a limited computational resources.
LogMFD thus can provide missing data in between each
of the grid points in the TI calculations without much
additional computational cost.
Figure 7 shows the free energy profiles obtained by
the LogMFD and TI methods. Each of the free energy
profiles is shifted to have the same value (5 kcal/mol) at
ψ = −180◦ for comparison in Fig. 7. LogMFD runs were
initiated at ψ = 57.3◦ (around the minimum) to either
direction (with increasing or decreasing ψ) with TX = 300
K and were ended at ψ = 92◦ after passing through
the periodic boundary at 180◦ or −180◦. It should be
remarked that the value of F (ψ = 92◦) estimated when
ψ = 92◦ was sampled for the first time is almost the same
as the F (ψ = 92◦) estimated when ψ = 92◦ was sampled
the second time, indicating the energy dissipation, which
degrades the accuracy of F (ψ), is negligible.
There is the maximum at ψ = −77.9◦, and the min-
imum at ψ = 63.0◦ in the profile, as shown in Fig. 7.
We stress here that the dynamics for the reaction coordi-
nate ψ was very smooth, even the large energy barrier ex-
ists. The difference between the minimum and maximum
free energy approximately amounts to 8 kcal/mol, corre-
sponding to about 4024 K. This energy difference was en-
tirely suppressed by the logarithmic form. Figure 7 also
shows the effective potential curve of γ log(αF (ψ) + 1),
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FIG. 6. (a) MF with respect to the dihedral angle ψ in the
glycine dipeptide molecule, constraining the other dihedral
angle φ to −80◦ . The blue curve and red symbols indicate
the MF calculated from the LogMFD and TI calculations, re-
spectively. (b) The magnified profile of the MF (vibrational
curve) around ψ = −76.8◦, with a smooth curve showing
the profile obtained by averaging over ten MFD time steps.
The arrow indicates the width of the mesh used in the TI
calculation, showing that the MF around this ψ range is ap-
proximated by only a single grid-point result.
indicating that the actual energy barrier for ψ became ∼
0.8 kcal/mol, comparable to 402 K. Such a substantial
reduction of the energy barrier can be controlled by the
parameters (α and γ).
Before proceeding to the two dimensional landscape,
we discuss the one-dimensional free energy profile in more
detail. As pointed out, there are the minimum and max-
imum in the profile. The former and latter are related to
a hydrogen bond and a rendezvous of a pair of the oxygen
atoms in the peptide bonds, respectively. Other charac-
teristic properties are found around ψ = 0◦ and 140◦,
where the free energy shows a profile with zero curva-
ture. We consider that this is due to breaking of the
hydrogen bond which is formed around ψ = 57.3◦. This
consideration is supported by the fact that the MF in the
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FIG. 7. Free energy profiles with respect to the dihedral an-
gle ψ in the glycine dipeptide molecule, constraining the other
dihedral angle φ to −80◦, obtained from the LogMFD (blue
curve) and TI (red dots) calculations. The logarithmic en-
ergy (γ log(αF (ψ) + 1) ) (magenta curve) is also presented
for comparison, indicating a substantial reduction of the free
energy barrier.
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FIG. 8. Atomic distances for O(1)-H(7), O(1)-O(2), and
O(1)-N(2) as a function of ψ.
corresponding part is almost zero (see Fig. 6). Atomic
distances as a function of ψ are shown in Fig. 8. From
this figure, the free energy minimum in Fig. 7 is found to
appear around the minimum distance of O(1)-H(7) and
O(1)-N(2), while the energy maximum appears around
the minimum distance of O(1)-O(2). The latter case
may correspond to a large electric dipole state for the
molecule. The distance of 2.5 ∼ 3 A˚ for O(1)-H(7) at
ψ = 0◦ and 120◦ is out of the range of the hydrogen
bonding, where the MF is ∼ 0. From this, we consider
that an energy of about 3 kcal/mol is gained by the hy-
drogen bond (see Fig. 7). This energy is comparable to
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FIG. 9. (a) Free energy contour map F (φ,ψ) and (b)–(e)
typical atomic configurations at three stable states (C5 and
C7 atomic configurations) and an unstable state. The white
bullets indicate the positions for the stable states. A pass
way that approximately connects these stable states with a
straight line is displayed in a white dashed line (see also Fig.
10).
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FIG. 10. The one dimensional free energy profile along the
line that approximately connects the C5 and C7 states. The
full and dotted curves represents the bare and symmetrized
plot of F (φ, ψ).
a typical bonding energy of the hydrogen bond (3 ∼ 10
kcal/mol) reported in a literature.21
D. Two dimensional profile
For constructing the two dimensional free energy pro-
file, the dynamical equations for both of φ and ψ were
used. Supposing that the free energy minimum in the φ-
ψ space may be lower than that in the one-dimensional
ψ space at φ = −80◦, HˆLogMFD was increased to 1.2
kcal/mol to shift the baseline of the free energy land-
scape. The temperature TX and α were chosen to be
small values; TX = 200 K and α =2 (kcal/mol)
−1 to
suppress numerical errors in longer simulations, while
the other parameters took the same values as used in
the one dimensional FP-LogMFD calculations. The two-
dimensional FP-LogMFD runs were started from the
minimum of the one dimensional profile of F (ψ) and were
extended to four directions. The branch off can be per-
formed from one simulation to others. These simulations
can be performed independently, implying that parallel
treatment is highly effective in LogMFD.12
Figure 9 shows the free energy contour map in the φ-ψ
plane with typical molecular configurations. The glycine
dipeptide molecule has an intrinsic mirror symmetry in
its atomic geometry. Atomic structures which are re-
lated to each other by the mirror operation with respect
to the N(1)-C(3)-C(4) plane has the same energy in gas
phase. This feature should also be seen in the free en-
ergy landscape F (φ, ψ). Therefore, the statistical errors
can be reduced by symmetrizing the two-dimensional free
energy with respect to the point of (φ, ψ) = (180◦, 180◦)
(there is the inversion symmetry in the map). A non-
symmetrized free energy profile along the white dashed
line in Fig. 9 is presented in the last paragraph in this
subsection.
The free energy landscape (Fig. 9) shows that there
are three stable states (three energy valleys) and a series
of unstable states (energy mountains). The most sta-
ble state appears around (φ, ψ) = (180◦, 180◦) , whose
atomic configuration is presented in Fig. 2 (or Fig. 9(d)).
This is assigned to the C5 configuration28 and is stabi-
lized by the hydrogen bond, the five-membered ring, and
the configuration with separated oxygen atoms (almost
zero electric dipole). The other two stable states, found
around (φ, ψ) = (288◦, 88◦), (72◦, 272◦), are assigned to
the C7 configuration and are also stabilized with the hy-
drogen bond, the seven-membered ring, and the config-
uration with moderately separated oxygen atoms (small
electric dipole). The free energy for the C7 configuration
is higher by 0.58 kcal/mol than that for the C5 configu-
ration. This energy difference is quite small and compa-
rable to 290 K. The total (internal) energy computation
also indicates that the C5 configuration is either lower
in energy than the C7 by 0.38 kcal/mol, while the work
by the quantum chemistry calculation reports that the
C5 is either lower than the C7 by 0.58 kcal/mol,29 or
higher by 1 and 0.58 kcal/mol.30,31 The atomic configu-
ration of the most unstable state is presented in Fig. 9(b).
This instability comes from an assemble of oxygen atoms
in the molecule (implying a large electric dipole). The
energy barrier measured from the bottom of the free en-
ergy landscape (highest energy mountain) amounts to
26 kcal/mol, corresponding to 13000 K and to 730 K
with γlog(αF + 1). Again, LogMFD enables to sample
such higher energy configuration in the same footing used
around the ground state.
It is interesting to see the transition from the most sta-
ble state to another stable state. The one dimensional
free energy profile roughly linking the C7 and C5 con-
figurations is presented in Fig. 10, as a typical energy
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profile. For simplicity, the pass way of reaction coor-
dinate was assumed to be along the straight line which
connects the two states near the C5 and C7 states in
the φ-ψ plane, as specified in Fig. 9. From Fig. 10, the
energy barrier between C5 and C7 configurations is esti-
mated to be about 3 kcal/mol when measured from the
C5 configuration. The energy differences between the C5
and C7 states shown in Fig. 10 are about 1 kcal/mol.
These values are slightly larger than the value reported
above (0.58 kcal/mol) because of the approximate pass
way (this approximation causes the uncertainty of about
0.4 kcal/mol).
E. Computational efficiency
In constructing the free energy profile (Fig. 7), 4 ×
106 FPMD steps were devoted in the FP-LogMFD cal-
culation, while 7.2 × 106 FPMD steps were needed in
the TI calculation. About 45 % of the computational
cost was saved. This demonstrates a good efficiency of
LogMFD in the computational cost. In addition, in the
course of the construction of the two dimensional profile
(Fig. 9), we carried out a set of LogMFD runs which, in
total, sampled 1.2 × 108 FPMD steps (configurations).
Even though the accuracy in the two dimensional pro-
file may be slightly reduced, the computational cost is
only 30 times larger than that in the one dimensional
calculation.
IV. DISCUSSIONS
As mentioned in Sec. III A, the peptide bond takes
the trans- or cis-form. In our simulations, the trans-form
has been entirely observed and the statistical sampling of
the cis-form has been missed. This is because the barrier
between the trans- and cis-forms may be extremely high,
and also because the reaction coordinates chosen in the
present LogMFD calculations may not be suitable for
sampling the cis-form. If one needs to sample the cis-
form, incorporation of additional reaction coordinates is
of use, which is easily realized in LogMFD.
It is interesting to see the contribution of the entropy in
the free energy. We have calculated the total energy (the
internal energy) as a function of ψ keeping φ = −80◦, as
shown in Fig. 11. The grid points used in the calcula-
tion of the internal energy are the same as used in the TI
calculation. The internal energy profile is very similar to
the free energy profile (Fig. 7). The difference between
the free energy and the internal energy is found to be
within 0.5 kcal/mol (if the energy scale is adjusted to
give zero entropy at ψ = −180◦), implying a small con-
tribution from the entropy. We roughly estimated the
uncertainty of the free energy as ∼ 0.4 kcal/mol, which
is comparable to the variation of the entropy with ψ. It is
thus considered that the entropic contribution is hardly
changed with ψ. This is not surprising because the num-
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FIG. 11. Total (internal) energy for the glycine dipeptide
molecule as a function of ψ keeping φ = −80◦, which was
obtained from the density functional theory (DFT) calcula-
tion with (purple triangle symbols) or without (green circle
symbols) the van der Waals(vdW) correction. The blue aster-
isks denote the difference between the free energy obtained by
LogMFD and that by TI, while the red squares denote the dif-
ference between the free energy by LogMFD and the internal
energy without the vdW correction.
ber of possible conformations in the present system is
relatively small, which does not significantly depend on
the dihedral angles. Also, the glycine dipeptide molecule
is in vacuum, not in a solvent. We however stress that
LogMFD is able to unveil the variation of the entropy, if
any, which is, for example, seen in our preliminary calcu-
lations for a model system of protein-G consisting of 56
amino acids.32
The free energy profile for the glycine dipep-
tide molecule was previously obtained using classical
LogMFD with an empirical force field.11,12 The profile is
similar to that obtained using FP-LogMFD in this work,
indicating the validity of the empirical force-field to some
extent. There are, however, some differences in the pro-
file. As pointed out in Sec. III C, we observe the zero
curvature around ψ = 0◦ and 140◦. This behavior is
also seen in the internal energy profiles (Fig. 11) in the
FP-LogMFD approach. In fact, the explicit inclusion of
the van der Waals interaction33–35 into the DFT(GGA)
calculations does not change the overall profile of the
internal energy (note that the binding energy is under-
estimated using GGA). It is thus considered that the
zero curvature is not attributed to an inappropriate DFT
description, while the linear behavior observed around
ψ = 0◦ and 140◦ in the previous results may come from
insufficient transferability of the empirical force field.
V. SUMMARY
We have demonstrated that the ab initio based MF
can be incorporated into the LogMFD method, which
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improves the reliability and accuracy in the free energy
calculation. FP-LogMFD has been applied to reconstruc-
tion of the free energy landscapes of the glycine dipeptide
molecule, and the C5 and C7 conformations have been
identified as the ground and metastable conformations,
respectively. It has been confirmed that the substantial
reduction of the free energy barriers, thanks to the loga-
rithmic form, enables us to efficiently reconstruct the free
energy profile, which was found to agree well with that
obtained by the TI method. The free energy profile from
the first-principles approach indicates that the empirical
force field for the glycine dipeptide molecule is sufficient
to obtain the overall profile of the free energy landscape.
The LogMFD method allows us not only to easily sam-
ple rare events, but also to reconstruct the free energy
profile “on-the-fly” without suffering from the problems
such as how to arrange the grid points or how to per-
form the numerical integration (as postprocessing) in TI.
It has been demonstrated in the present study that free
energy profiles using ab initio force field can be recon-
structed with less computational cost than is needed in
the TI method. The FP-LogMFDmethod developed here
is thus a promising tool for reconstructing free energy
profiles, especially those in which accurate descriptions
for interatomic interactions are required.
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Appendix A: Thermodynamic integration
In order to check the result of the LogMFD calcu-
lations, thermodynamic integration (TI) was also per-
formed for comparison using the same computational
conditions for the first-principles MD calculations (see
Sec. III B). When one carries out a long-time CP-FPMD
simulation, the energy tends to flow to the electronic de-
grees of freedom from the ionic degrees of freedom. Con-
sequently, the lift from the BO surface of the electronic
wave functions becomes obvious, and finally, the sim-
ulation may break down.36 However, one can, instead,
perform multiple short FPMD runs and the mean force
profile in the TI calculation can be constructed by av-
eraging over the configurations from all of these short
runs at a given set of φ and ψ. Figure 12 represents the
convergence behavior of the MF with several fixed ψ, as
a function of the number of statistical samplings. From
-0.1
-0.08
-0.06
-0.04
-0.02
 0
 0.02
2000 20000 40000 60000
<
F>
/N
s 
 
(kc
al/
mo
l/d
eg
)
Ns  (MD steps)
ψ=-119°
ψ=75.1°
ψ=-108°
ψ=115°
FIG. 12. Cumulative averages of the mean force in
the TI calculation for several dihedral angles ( ψ =
−119◦,−108◦, 75.1◦, 115◦) under the condition φ = −80◦.
this result, we decided to use 60,000 FPMD steps in to-
tal to estimate the MF at each grid point of ψ in our TI
calculation.
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